Strong convergence theorems for approximation of common fixed points of a finite family of pseudocontractive mappings are proven in Banach spaces using an implicit iteration scheme. The results presented in this paper improve and extend the corresponding results of Osilike, Xu and Ori, Chidume and Shahzad, and others.
Introduction
Let E be a real Banach space and let J denote the normalized duality mapping from E into 2 E * given by
where E * denotes the dual space of E and ·, · denotes the generalized duality pairing. If E * is strictly convex, then J is single valued. In the sequel, we will denote the single-value duality mapping by j.
Let C be a nonempty closed convex subset of E. Recall that a self-mapping f : C → C is said to be a contraction if there exists a constant δ ∈ 0, 1 such that f x − f y ≤ δ x − y , ∀ x, y ∈ C.
1.2
We use Π C to denote the collection of all contractions on C. That is, Π C {f : f : C → C a contraction}.
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A mapping T with domain D T and R T in E is called pseudocontractive if, for all
x, y ∈ D T , there exists j x − y ∈ J x − y such that Tx − Ty, j x − y ≤ x − y 2 .
1.3
We use Fix T to denote the fixed point set of T , that is, Fix T {x ∈ C : Tx x}. Recently, Xu and Ori 1 have introduced an implicit iteration process below for a finite family of nonexpansive mappings. Let T 1 , T 2 , . . . , T N be N self-mappings of E and suppose that N i 1 Fix T i / ∅, the set of common fixed points of T i , i 1, 2, . . . , N. An implicit iteration process for a finite family of nonexpansive mappings is defined as follows with {t n } a real sequence in 0, 1 , x 0 ∈ E:
. . .
1.4
which can be written in the following compact form:
where T n T n mod N . Xu and Ori proved the weak convergence of the above iterative process 1.5 to a common fixed point of a finite family of nonexpansive mappings {T n } N n 1 in a Hilbert space. They further remarked that it is yet unclear what assumptions on the mapping and/or the parameters {t n } are sufficient to guarantee the strong convergence of the sequence {x n }.
Very recently, Osilike 2 first extended Xu and Ori 1 from the class of nonexpansive mappings to the more general class of strictly pseudocontractive mappings in a Hilbert space. He proved the following two convergence theorems. be a real sequence satisfying the conditions 0 < α n < 1,
where T n T n mod N . Then {x n } converges strongly to a common fixed point of the mappings {T i } In 2005, Chidume and Shahzad 3 also proved the strong convergence of the implicit iteration process 1.5 to a common fixed point for a finite family of nonexpansive mappings. They gave the following theorem. In this paper, we will consider a process for a finite family of pseudocontractive mappings which include the nonexpansive mappings as special cases. Let f : C → C be a contraction. Let {α n }, {β n }, and {γ n } be three real sequences in 0, 1 and an initial point x 0 ∈ C. Let the sequence {x n } be defined by
Theorem CS. Let E be a uniformly convex
1.8
where T n T n mod N . Motivated by the works in 1-6 , our purpose in this paper is to study the implicit iteration process 1.9 in the general setting of a uniformly smooth Banach space and prove the strong convergence of the iterative process 1.9 to a common fixed point of a finite family of pseudocontractive mappings {T i } N i 1 . The results presented in this paper generalize and extend the corresponding results of Chidume and Shahzad 3 , Osilike 2 , Xu and Ori 1 , and others.
Preliminaries
Let E be a Banach space. Recall the norm of E is said to be Gateaux differentiable and E is said to be smooth if lim t→0 x ty − x t 2.1 exists for each x, y in its unit sphere U {x ∈ E : x 1}. It is said to be uniformly Frechet differentiable and E is said to be uniformly smooth if the limit in 2.1 is attained uniformly for x, y ∈ U × U. It is well known that a Banach space E is uniformly smooth if and only if the duality map J is single valued and norm-to-norm uniformly continuous on bounded sets of E.
Recall
x for all x ∈ D. A retraction Q : C → D is sunny provided Q x t x − Q x Q x for all x ∈ C and t ≥ 0 whenever x t x − Q x ∈ C. A sunny nonexpansive retraction is a sunny retraction, which is also nonexpansive.
We need the following lemmas for proof of our main results. The inequality iii is called Reich's inequality.
Lemma 2.3 see 9 .
Let {a n } ∞ n 0 be a sequences of nonegative real numbers satisfying the property a n 1 ≤ 1 − γ n a n γ n σ n , n ≥ 0, where {γ n } ∞ n 0 ⊂ 0, 1 and {σ n } ∞ n 0 are such that
Then {a n } ∞ n 0 converges to 0. ii lim n→∞ β n 0 and lim n→∞ α n /β n 0;
Main results
Theorem 3.1. Let E be a uniformly smooth Banach space and let C be a nonempty closed convex subset of E. Let
iii
For f ∈ Π C and given x 0 ∈ C arbitrarily, let the sequence {x n } be defined by 1.9 . Then {x n } converges strongly to a common fixed point p of the mappings {T i } N i 1 , where p Q f is the unique solution of the following variational inequality:
Proof. First, we observe that {x n } is bounded. Indeed, if we take a fixed point p of T , noting that
3.2
It follows that
which implies that
3.4
Now, an induction yields
Hence {x n } is bounded, so are {f x n } and {T i x n } for all i 1, 2, . . . , N.
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Observe that
Set A n 2I − T n −1 for all n 1, 2, . . . , N, it is well known that {A n } N n 1 are all nonexpansive mappings and Fix A n Fix T n as a consequence of 10, Theorem 6 . Then we have
It also follows from 3.6 that lim n→∞ x n − A n x n 0. Next, we claim that
where p Q f lim t→0 z t with z t being the fixed point of z → tf z 1 − t A n z see Lemma 2.1 .
Indeed, z t solves the fixed point equation
Then we have
Thus we obtain
Noting that
3.12
Thus 3.11 gives
3.13 where a n t 2 z t − x n x n − A n x n x n − A n x n −→ 0 as n −→ ∞. ii lim n→∞ β n 0 and lim n→∞ α n /β n 0;
For fixed u ∈ C and given x 0 ∈ C arbitrarily, let the sequence {x n } be defined by x n α n u β n x n−1 γ n T n x n , n ≥ 1.
3.19
Then {x n } converges strongly to a common fixed point p of the mappings {T i } N i 1 , where p Q u is the unique solution of the following inequality:
where Q is a sunny nonexpansive retraction from C onto For fixed u ∈ C and given x 0 ∈ C arbitrarily, let the sequence {x n } be defined by x n α n u β n x n−1 γ n T n x n , n ≥ 1.
3.22
where Q is a sunny nonexpansive retraction from C onto
Remark 3.6. Corollary 3.5 improves Theorem CS without compactness assumption of mappings.
